Math 351 Notes

Instructor Arkady Etkin

Metrics and Norms

METRIC SPACES

Definition:

A function d on M x M satisfying the following properties is called a metric on M:

1) 0<d(X, y) <o forall pairs x, y € M.

i) dix, y)=0 iff x=y.

i) d(x, y)=d(y, x) forall pairs x, y € M.

Iv) d(x, y)<d(x,2z)+d(z,y) forall x,y,ze M.

The couple (M, d ), consisting of a set M together with a metric d defined on M, is called
a metric space.

Example:
a) Every set M admits at least one metric. For example, check that the function defined

by d(x, y) =1 forany x # y in M, and d(x, x) = 0 for all x € M, is a metric. This mundane
but always available metric is called the dicrete metric on M. A set supplied with its
discrete metric is called a discrete space.

b) An important example is the real line R together with its usual metric d(a, b) = |a—Db].
Any time we refer to R without explicitly naming a metric, the absolute value metric is
always understood to be the one that we have in mind.

c) Any subset of a metric space is also a metric space in its own right. If d is a metric on
M, and A c M, then d(x, y) is defined for any pair X, y € A. Moreover, the restriction of
d to A x A obviously still satisfies properties (i)—(iv). That is, the metric defined on M
automatically defines a metric on A by restriction. We will even use the same letter d and
simply refer to the metric space (A, d). Of particular interest in this regard is that N, Z,
Q, and R\Q each come already supplied with a natural metric, namely the restriction of
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the usual absolute value metric on R. In each case, we will refer to this restriction as the
usual metric. T

How can we enrich our arsenal of metric functions?
— Suppose that d is a metricon M and f : M— M is a bijective function. Then,
p:Mx M-—R defined by p(x, y) = d(f(x), f(y)) is also a metric on M, as we can verify.
— Suppose that g: M —R is an injective function (not necessarily surjective). Then,
G: M x M—R defined by G(x, y) = |g(x) - g(y)| is a metric on M.
To see this, observe that
)0 <G(X, y) <o forall pairsx, yeM Vv
ii) G(x, y) = 0 iff |g(x)— g(y)| = 0, which is true only iff g(x) = g(y), which happens only
when x =y, since we assumed that g is injective. v
iii) G(x, y) = [g() - g(y)| = |9(y) — 9| = G(y, x) v
V) G(X, y) =900 — g(y)| =900 - 9(2) + 9(2) — g(y))|

< |90 - 9(@)| + |92 - 9(y)| = G(X, 2) + G(z, y) v

Example:
a) Define dy, dy, d3 :R?2— [0, co) by

di(x, y) = [tan7t(x)—tani(y)| , da(x, y) = |x3-y3|, and ds(x, y) = eX -V
Then, dq, d,, and d; are all metric functions on R.

b) Let M = (0, c0). Then dy, dy, d3: (0, 00) X (0, 00)— [0, o) defined by
1

dix, Y) = [Vx =y, dax, y):||n(x)—|n(y)|:||n(§)| . da(x, y):|;l—y|

are all metric functions on M.

c) Note that a function can be a metric on one set and fail to be a metric on another.
Take, for instance, the function d(x, y) = |x2 - y2|. Then d defines a metric on [0, «), but
fails to be a metric on R. (we can easily see why, as it violates some properties of metric
spaces). &

We can expand our collection of metrics even further. To do this, we first prove
the following lemma.

e Lemma:
Let f :[0, 0)— [0, ) be any function with the following two properties:
a) f(x) =0 iff x=0. Otherwise f(x) > 0.
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b) f’is decreasing. That s, if x < y, then f’(x) > f’(y).
Then for any pair X, y € [0, o), f(X+Yy) < f(X)+ f(y).

Proof:

Let g(x) = f(x+y)and p(x) = f(x)+ f(y), where we regard y as a fixed number. We
wish to show that g(x) < p(x) or, equivalently, that 0 < p(x) — g(x).

Notice that a;ix(p(x) —g(x) = P'(X) - g'(x) = f/(x)— f'(x+y) = 0 by property b) of f.
Thus, by the first derivative test, p(x) — g(x) is increasing for all x € [0, c0), attaining its
smallest value when x = 0. Now, p(0)—g(0) = fO)+ f(y)— f(y)= f(y)- f(y)=0.
Thus, p(x)—g(x) = 0 for all x and the desired result follows. [ |

Letd: M x M—|0, o) be a metric function on M and suppose f : [0, co)— [0, co) satis-
fies properties a) and b) of the above lemma.

If f/(t)>0 V te (0, ), then p: M x M—[0, ) given by p(x, y) = f(d(X, y)) defines
another metric on M.

Proof:
We have to check if all four properties of metrics are satisfied:
I)Clearly 0 < f(d(X, y)) <o ¥X,ye M. V

i) Suppose p(X, y) =0, then f(d(x, y)) = 0. By property a) of f, this implies that
d(x, y) =0, or x = y. Obviously p(x, X) = 0. v

ii) Clearly p(x, y) = p(y, X) ¥ X, ye M.

V) p(X, y) = f(d(x, y)) = fd(x, 2) +d(z, ¥))

= fd(x, 2))+ f(d(z, y))

=p(X,2)+p(z,y) VX Yy, XeM. VvV
Note that on property iv) the first inequality comes from the assumption that f is increas-
ing and d(x, y) < d(x, z) +d(z, y), and the second inequality is a consequence of the
above lemma.
Hence, since p satisfies all the required properties, we conclude that p is a metric func-
tion. [ |

Example:
a) We should verify that
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pa b)=+/la=bl, a(a,b):%, 2(a, b) = In(ja—b| + 1)

each define metrics on R.

b) If d is any metric on M, verify that

dox,
P N = A Y)Y = e 20 ) = I Y+ )

are also metrics on M.

Comprehension check: Is p(X, y) = \/ In(|x® - y3|+ 1) ametric function on R?

In(|x3-y3|+1) ) @

L+4/ In(|x®-y3|+1) .

How about o (X%, y) =

NORMED VECTOR SPACES

A large and important class of metric spaces are also vector spaces over R or C. Notice,
for example, that C[0, 1] is a vector space.
An easy way to build a metric on a vector space is by way of a length function or norm.

Definition: A norm on a vector space V is a function || - |[|: V — [0, ) satisfying
N0<|X]|| <0 Y XeEV

i) [|x||=0 iff x=0

i) ||a x| =la| || x]|| for any scalar @ and any x € V

V) [IX+yll < IXI+1yll VX yeV

A function || - ||:V — [0, o) satisfying all of the above properties except ii) is called a
. That is, a pseudonorm allows nonzero vectors to have zero length.
The pair (V, || - |]), consisting of a vector space V together with a norm on V, is called a
. It is easy to see that any norm induces a metric on V by setting
dx, y) = || x-yl]. We will refer to this particular metric as the usual metric on (V, || - |]).
Example:

a) The absolute value function |- | clearly defines a norm on R.

b) Each of the following defines a norm on R":
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For x = (X4, ..., Xp) € R",
n

= lIxlly= 2 Ixil
i=1

n 1/2
— || X]|; = ( )y |Xi|2]
i=1
n 1/p
...As it happens, for 1 < p < oo, the expression || X||, = ( > Il p) defines a norm on
i=1
R".

— [IXllo = max |x|
1<i=<n

The first and last expressions are very easy to check while the second takes a bit more
work.

The function || - ||, is often called the Euclidean norm and is generally accepted as the
norm of choice in R"

c) Each of the following defines a norm on C[a, b]:
o I fll,= [[Ifoldt

ol = (DT orat)”

— || fllo= max [f(t)
a<t<b

Again, the second expression is the hardest to check. The last expression is generally
taken as “the’’norm on C[a, b].

d) If (V, || - |) is a normed vector space, and if W is a linear subspace of V, then W is
also normed by || - ||. That is, the restriction of || - || to W defines a norm on W.

e) We might also consider the sequence space analogues of the “Scale”’’of norms on R"
givenin b) . For 1 < p < o, we define ¢, to be the collection of all real sequences X = {Xp}

o
for which ) |xp|P < 0, and we define 7, to be the collection of all bounded real

n=1
sequences. Each 7, is a vector space under coordinatewise addition and scalar multiplica-
tion.

Moreover, the expression
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X1, = (S IxIP)YP ifl<p<oo
or

|| X ||oo = SUP |Xnl if p=oo
neN

defines a normon /. The cases p =1 and p = o are easy to check. We will verify the
other results shortly.

e Lemma (The Cauchy-Schwarz Inequality):

n
2 X yil <IIX]l2 [y Iz for any X, y € £5.
i=1

Proof:
To simplify notation, we write (X, y) = > X; Vi.
We first consider the case where X, y € R" (that is, X;=0=y; Y i>n). In this case, (X, y)
is the usual “tlot product”’in R". Also notice that we may suppose that x, y # 0 (there is
nothing to show if either is 0).
Now lett € R and consider
O<lIx+tylB=(x+ty, x+ty)=[[x|Z+2t(x, y)+ 2|y |3
Since this (nontrivial) quadratic in t is always nonnegative, it must have a nonpositive
discriminant. Thus,
Qx, y?=4lIxI311yllZ <0
or, after simplifying,
16 W =IIXI2 1Ty ll2 -
That is,
n
2 X Yi
i=1
Now this isn T quite what we wanted, but it actually implies the stronger inequality in the
statement of the lemma. Why? Because the inequality that we have shown must also hold
for the vectors (|X4[, [Xz|, ..., [Xal) @and (1yal, 1Y2l, ..., [YnD)-
That is,

=lIxll2 [1'Yll2

n

2 Xivil=1axaly o IXaD I ITAYal o TyaD = 1EX L2 [T Y 12
i=1
Finally, let x, y € ¢,. Then, for each n we have

n n 12 / n 12
2 Ixiyil < (Z |Xi|2] (Z |Yi|2) <Xz 'y ll2
i=1 i=1 i=1

0o n
Thus, ), Xx; yi must be absolutely convergent and satisfy >, |x; yil <||X][l> || YI|l,. =
i=1 i=1
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Now we are ready to prove the triangle inequality for the ¢/, norm.

e Theorem (MinkowskKi 3 Inequality):
If X, y € f5, then X+ y € £,. Moreover, || X+ VYl < [| X2+ Y.

Proof:
It follows from the Cauchy-Schwarz inequality that,
for each n we have
n n n n
2o Ixi+yil2= X IXilP+2 X X yi+ 2 1yl
i=1 i=1 i=1 i=1
< IxIB+21xl Nyll2+ 1 yl5 =X+ 1 Yll)? .
Thus, since n is arbitrary, we have x+y e/, and || X+ Yo < [|XIl>+ |l Y. [ |

We now proceed to show that || - ||, is a norm on /.

e L_emma:
Letl< p<oo andlet a,b=0. Then, (a+b)P <2P(@P+bP). Consequently, x+ye/,

whenever x, y € /5.

Proof:
(@+b)P < (2max{a, b}))? =2Pmax{aP, bP} < 2P @P +bP).
Thus, if X, y e £}, then

o0 (o]
2 Xn+ yYnlP =2P 30 [Xa|P+2P 3 |ynlP < oo. n

e Lemma (Young 3 Inequality):

Let 1 < p <o and let q be defined bylp+£:1.

P P
Then, for any a, b > 0, we have ab < a? + %, with equality occurring iff aP~! = b.

o]

Proof:

Since the inequality trivially holds if either a or b is 0, we may suppose a, b > 0.

. 1 1 1 1 p . p
Since =+ ==1,weseethat pl =+ =|= p=1+ — = p. In particular, — =q- 1.
p q p( p q) P q P P q d

7
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Similarly, notice that q(% ) g, implying that a_ =q-1

©

Thus,
1" pg " p
Also notice that q = ﬁ + 1, implying that, just like p, g is also in (1, o).

Thus, the functions f(x) = x P"tand g(x) = x 9! are inverses for x = 0.
The proof of the inequality follows from a comparison of areas (see figure):

Y

A

The area of the rectangle with sides of lengths a and b is at most the sum of the areas
under the graphs of the functions y = xP1forO<x<aand x=y%!for0 < y < b.
That is,

b
abﬁfx”ldx—l—f yldy = — + —.
0 0 P

Clearly, equality can occur only if aP~! = b. [

When p = g = 2, Young 3 inequality reduces to the arithmetic—-geometric mean

b

inequality (although it is usually stated in the form 4/ a a+ ). Young 3 inequality will

supply the extension of the Cauchy-Schwarz inequality that we need. So now we present
a more generalized Cauchy-Schwarz inequality:

e Lemma (Hdder 3 Inequality):

Let1<p<ooandletqbedefinedbyip+ =1.

1
a
Given x e fpand y e {4, we have

2 Xyl =IIXllp 11y llg -

i=1
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Proof:
We may suppose that || x|, >0and || y|ly > O (since, otherwise, there is nothing to
show). Now, for n > 1 we use Young 3 inequality to estimate:

" e " : n "
E Xi ¥ EEZ Xt +lz i f_'l_""}“:l
— | xllp 1¥llg P xl, g = |lIyllq P g
n
Thus, X X yil <[ XIlp 'y |lq for any n = 1, and the result follows. [

i=1

Our proof of the triangle inequality will be made easier if we first isolate one of the
key calculations. Notice that if x € 7, then the sequence {|xn| p—l}:’:l € {4 , because

(p-1)qg = p. Moreover,

ot i/q
IC bl = (Z Ixei") = [lx[2~".

i=1

e Theorem (Minkowski 3 (General) Inequality):
Letl< p<oo. IfXx, yefp then X+y e, Moreover, || X+ Y, < [ X[+l Yllp.

Proof:
We have already shown in a previous lemma that x + y € /. To prove the triangle inequal-

ity, we once again let q be defined by % + é =1, and we now use Hdder 3 inequality to
estimate:

[+ 4} oo
D lw+yl? =) I+ vl b 4wl
i=1

[==] &0
< il 4l + ;}m-m + 37!

i=1

< [lxllp - N1 + ¥alP " Dllg 4+ U3l - 1010 4+ ¥el? g
= llx + y157" (lxll, + Iyl,) -

That is, || X+ y||B < ||x+ yllg_l(ll X|lp+ I yllp), and the triangle inequality follows. m
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LIMITS INMETRIC SPACES

Now that we have generalized the notion of distance, we are now ready to define the
notion of limits in abstract metric spaces. Throughout this section, unless otherwise
specified , we will assume that we are always dealing with a generic metric space (M, d).

Definition: Given x € M and r > 0, the set B,(X) = {y € M :d(x, y) < r} is called the open
ball about x of radius r. If we also need to refer to the metric d, then we write Bd(x) .

We may occasionally refer to the set C9(x) = {y € M :d(X, y) < r} as the closed ball about
x of radius r.

Example:

a) In R we have B,(x) = (X —r, X +r), the open interval of radius r about x and
Ci(X) = [x—r, X +r], the closed interval of radius r about x.

b) In R? the set B,(x) is the open disk of radius r centered at x.

The appereance of B((x) in fact depends on the metric at hand:

If d is generated by the norm || - ||1, then B.(x) will look like a square of diameter 2r
centered at X = (a, b).

r
.
Py .
Y ~N
P b
s \

..’/ \\
——— I 5
a~r~ a,b) r a+r

\ ‘ i
“ rd
. \l{ /
L™ r
If d is generated by the norm || - ||,, then B,(x) will look like a disk of radius r centered at

X = (a, b).
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"4 -(&4b)

"
If d is generated by the norm || - ||, with 1 < p < co, then B,(x) will look like a brick with

rounded corners. As p gets larger, the brick will assume the appearance of a regular
square.

+
- '_'bJ'C -
f’ b
- \
/ \
/ \
\
" \
| |
' :
— S 4
A~r | l%,b) 'f‘“"
|
\ [
\ 1
\
\\ J"r
\\ - -
bl
Finally, if d is generated by the norm || - ||, then B,(x) will look like a square with diame-
ter 24/ 2 r, centered at X = (a, b).
h+f‘
__________ S e e
]
I
I
I
]
]
[
A=l (afs) atr

- ————

_______ ﬁ_..-...____..
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c) In adiscrete space By(x) = {x} and B,(x) = M.

d) In a normed vector space (V, || - ||) the balls centered at 0 play a special role. In this
setting B/(X) = x+B;0)={yeV:y=x+z A | z] <r}.

A subset A of M is said to be bounded if it is contained in some ball, that is, if
A c B(x) for some x € M and some r > 0. But exactly which x and r does not much
matter.

In fact, A is bounded iff for any x € M we have sup(d(x, a)) < co. Related to this is the
acA

diameter of A, defined by diam(A) = sup {d(a, b): a, b € A}. The diameter of A is a conve-
nient measure of size because it does not refer to points outside of A.

think of a neighborhood of x as a “thick”set of points near x.

We say that a sequence of points {x,} in M converges to a point x € M if d(x,, X)—0.
Now, since this definition is stated in terms of the sequence of real numbers {d(X,, X)};1,
we can easily derive the following equivalent reformulations:

{(x») converges to x if and only if, given any £ = 0, there is
an integer N = 1 such that d(x,, x) < ¢ whenevern = ¥,

or

{(x,) converges to x if and only if, given any £ = 0, there is
an integer ¥V = 1 such that {x, : n = N} C B.(x).

If it should happen that {x,:n > N} c A for some N, we say that the sequence {x,} is
eventually in A. Thus, our last formulation can be written
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{(xn) converges to x if and only if, given any ¢ = 0,
the sequence (x,) is eventually in B.(x)

or, in yet another incarnation,

(x,) converges to x if and only if the sequence
(x,,) is eventually in every neighborhood of x.

This final version is blessed by a total lack of N 3 and ¢3! In any event, just as with real
sequences, we usually settle for the shorthand x,— X in place of the phrase {x,} con-
verges to x. On occasion we will want to display the set M, or d, or both, and so we may

. d .
also write X,— X or x,— X in (M, d).

Definition: A sequence {Xp} is a Cauchy sequence in (M, d) if, given any € > 0, there is
an integer N > 1 such that d(xp, X,) < &€ whenever m, n > N.

We can reword this just a bit to read: {X,} is Cauchy iff, given £ > 0, there is an integer
N = 1 such that diam({x,:n = N}) < e.

Related to the concept of clustering (i.e. Cauchy) sequences, but in no way identical to it,
is the concept of convergent sequences (Cauchy sequences need not necessarily con-
verge). For convenience, the definition of convergence is stated below.

Definition: Let (M, d) be a metric space. A sequence {X,};>; ¢ M is said to converge in
M if there is some x € M such that, for every € > 0, there is an integer N > 0 that satisfies
d(Xn, X) < e whenever n = N.

Example:

Let M = [0, o) be endowed with its usual | -| metric and let {%} be a sequence in M.

(o)
n=1

o0
a) ls {%} _ aconvergent sequence?

Solution:

Recall that vaguely familiar expression from calculus: limit L — 0. we will show that

N—o0

{i}w converges to 0.
nJn=1
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Since R is an ordered field, |% - 0| = % <eiffn> % It follows from the Archimidean

property of R thatn > % can be achieved for some sufficiently large integer N. Thus, if

n>N, % < € as desired.
1 (o)
b)lIs {F} L@ Cauchy sequence?
n=

Solution:
The sequence is Cauchy. For € > 0, let N be a positive integer such that if n > N,

|%—0|s %.Thenform,nz N,

=€. i

Example:

Consider the sequence {%}m
n=

X but this time in M = (0, ).
Then {%}:o_

Notice however, that limit % =0« (0, ). Thus, { L }m does not converge in M. &

nJn=1

. is still a Cauchy sequence under the usual metric inherited by M from R.

N—o0

As we Tl see now, whether a sequence converges or not depends on the metric
function as well.

Example:
) ) . 1 ifx+y
Let (M, d) be the metric space [0, co) under the discrete metric d(x, y) = 0 ifx=y"

Then the sequence { 1 }00

o does not converge, since for any x € M,
n=

B‘f(x) ={y e M:d(X, y) <1} = {x}. In other words, {%}m fails to cluster around x. &

n=1

As we Tl see now, whether a given sequence is Cauchy depends on the metric
function.

Example:
Let M = (0, o) and d be defined by d(x, y) = |% - —i’ Then the sequence {%}c><> c Mis
n=
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not Cauchy: d(

S e

):ln—mlzlformqtn. B

3|~

= Proposition:

d d
Limits are unique. That is, if X, — X and X, — y, then x = y.
Proof:

We will show that d(x, y) = 0 by proving that d(x, y) <e for any € > 0.

d
Since x, +— Y, there is some N > 0 such that d(x,, y) < = whenever n = N. Similarly,

N |m

d
since Xp +— X, there is some M > 0 such that d(xp, X) < = whenever n > M. Letting

N |m

k =max{M, N} we see that
d(x, y) = d(X, Xp) +d(Xn, ) < S+ 5 =€

whenever n = k. [

The proposition above is reassuring. It tells us that when we go somewhere, we will
arrive to one place and one place only. It would ¥e been rather confusing if we had
arrived at different places at once.

* Proposition:
Every convergent sequence is Cauchy, and a Cauchy sequence is bounded. That is, the

set {X,:n = 1} is bounded.

Proof:

d
Suppose x, +— X. Then, for any € > 0, there is a positive integer N such that d(xp, X) < %
whenever n = N. Now,

d(Xn, Xm) < d(Xp, X) +d(X, Xm) < % + % =€

whenever n, m = N. Thus, {x,}22, is Cauchy.

Now suppose {yn}>2, is Cauchy in (M, d). We would like to show that {y,:n =1} is
bounded. That is, we need to find y € M and r e R such that d(y,, y)<r Vn= 1.

Let € > 0. Then, for some N > 0, d(Yn, Ym) <€ Whenever n, m > N.
Now we set
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N-1
y=Yn and r= 2 d(yi yn) +e.
i=1
N-1
Observe that d(y,, yn) <€ whenever n > N and d(y,, yn) < 2. d(Yi, Yn) Whenever
i=1
n<N-1 Thus, d(yn, Yyn)<F ¥YNneN. [ |

Although every Cauchy sequence is bounded, not every bounded sequence is, in
turn, Cauchy. For an easy example, consider {n}>; c R under the discrete metric. This
sequence is definitely bounded, but it is not Cauchy.

As another example, notice that the sequence {(-1)"};~; c R is bounded in any metric, as
it has a finite range. However this is not a Cauchy sequence.



